The computation of dipole matrix elements plays an important role in the study of absorption or emission of radiation by atoms in several fields such as astrophysics or inertial confinement fusion. In this work we obtain closed formulas for the dipole matrix elements of multielectron ions suitable for using in the framework of a Relativistic Screened Hydrogenic Model.
Introduction
The computation of dipole matrix elements plays an important role in the study of absorption or emission of radiation by atoms in several fields such as astrophysics, inertial confinement fusion and laser applications, among others. The dipole oscillator strengths which characterize the radiative transitions between two bound states are a key piece in the simulation of the absorption or emission spectra of ions and these quantities are proportional to the square of the radial dipole matrix elements. Thus they have been the object of an intensive investigation to derive analytical or numerical procedures to compute them into a non-relativistic [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] or a relativistic [11] [12] [13] [14] [15] [16] framework. Many of the calculations leading to obtain closed analytical expressions for the matrix elements of multielectron atoms are based on different approaches of the Quantum Defect Theory (QDT) in combination, or not, with the WKB method [8, 17] . Such models obtain analytical solutions of the Schródinger or Dirac equation including the non-hydrogenic contributions by simply replacing the hydrogenic radial solutions by similar ones depending on effective quantum numbers and an effective charge. A detailed review of these models is shown in the papers of Nana Engo et al. [16, 18] , who carried out a comprehensive study of different quasirelativistic and fully relativistic approaches based on the quantum defect model, providing closed-form expressions for the calculation of relativistic matrix elements.
In the field of laser-plasma interaction research, it is a common approach to use the screened hydrogenic model (SHM) to compute the properties of multielectron atoms. This model calculates the energy levels of the multielectron atom by using the analytical expressions of the hydrogenic atom computed with appropriate screened nuclear charges [19] [20] [21] [22] [23] [24] [25] . The SHM used in the average ion model context provides electronic populations with good accuracy and it also allows computing the opacity, the emissivity and the equation of state of plasma easily. For this reason the model has been widely used in the simulation of inertial confinement fusion [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . In this model, the multielectron atom is described by singleelectron hydrogenic wave function depending on an effective charge characteristic of any quantum state [36] . Since the dipole matrix elements depend only on the wave function of the ions, it is necessary to compute them using different screened nuclear charges Q^ and Q_¡¿ in order to describe the initial and final state of the running electron. Unlike the quantum defect models cited above, the SHM approach is simpler, because all non-hydrogenic contributions are concentrated only in the screened charge. So the expressions derived in the context of QDT are not directly applicable to the SHM since the screened charges of the SHM are not equivalent to the effective charges of the QDT. Few authors provide general formulas for dipole matrix elements suitable for the Screened Hydrogenic Model approach and mainly they do it in the non-relativistic context [37] [38] [39] so there is a lack of study in the relativistic frame.
In this paper we obtain closed formulas for the dipole matrix elements of multielectron ions expressed in terms of elementary functions depending on the characteristic screened charges, so that they are suitable for their use in the Relativistic Screened Hydrogenic Model.
Background

Relativistic screened hydrogenic model
In 1930, Slater [25] was the first to introduce the concept of screening constant to calculate the energies of multielectron atoms, although he gave only empirical rules to estimate the screening parameters. Subsequently, Mayer [21] developed a model to compute opacities in plasmas at high density and temperature in which the concept of average atom was introduced and the SHM was developed, being the first author to compute several sets of universal screening constants.
The theoretical framework of SHM is due to Layzer in the late 1950s [20] , who developed a theory based on the concept of screening to determine atomic spectra. In this theory, each atomic state is characterized by a set of screening parameters instead of a wave function. More [23] developed a new SHM and introduced a new set of screening constants obtained from the fit to a database with 800 ionization potentials of 30 elements, calculated using a self-consistent Hartree-Fock-Slater code. The one-electron states obtained with this set of screening constants are degenerated with respect to angular momentum, i.e., each state was labeled by the principal quantum number n. Faussurier et al. [19] reviewed in detail the theoretical basis of SHM and provided a whole new set of coefficients with /-splitting, obtained from the fit to a database with about 15,600 values of Hartree-Fock excitation energies and ionization potentials. This model gives more accurate results than More's model. Rubiano et al. [24] developed a method that do not use screening constants for calculating the screened charge and obtaining the screened charges and the external screening of the SHM from analytical potentials. Using this method and analytical screened hydrogenic wave functions, they proposed a SHM model with nlj splitting which was strictly valid for the ground states of He-like to U-like ions. Recently, we have developed a New Relativistic Screened Hydrogenic Model (NRSHM) based on a new set of universal screening constants [22] , obtained by fitting to a database containing 61,356 high quality atomic data. It was conceived to deal with ground and excited configurations of medium and highly ionized atoms and in this paper we will make use of it to compute the screened charges Q^ and Q¡¿.
The Dirac equation and the relativistic screened hydrogenic model
In the screened hydrogenic model each bound electron moves in the individual potential
( 1) depending on the nuclear charge and the other atomic electrons. In this equation the quantum state of the bound electron is described in a relativistic frame by the quantum numbers n, /, and j, the parameter Qn// is called the screened charge of the level and A n ¡¡ is a constant term depending on the screened charge which will be referred further as the external screening constant. Several methods can be found in the literature to determine these parameters [24, 38] . The Dirac equation has analytical solutions for this potential and therefore the wave functions and energy levels can be expressed in an analytical form. The exact solutions of the stationary Dirac equation [40, 41] H\j/ = (cap+mc 2 /?-
where the spinor spherical harmonics y± (n) = y? * 1/2) (n) are given explicitly in terms of the ordinary spherical functions Y )m (n),n = n(0,<f>) = r/r, and the special ClebschGordan coefficients with the spin 1/2 as follows:
\ V 2j + (l±l) 'j±l/2,m+l/2W J where j stands for the total angular momentum and m is its projection. The large component F n y(r) and the small component G nl j(r) of the radial wave function are, in atomic units [38] F n ij(r) = rf",j(r)
They are expressed in terms of the generalized Laguerre polynomials if (x) and depending on the variable x = 2ar/a. In this expression a is the fine structure constant, r is the radial coordinate and a is a parameter that depends on the screened charge as well as the quantum numbers of the state, and it is defined using the following expression: OKÍ n-j--+v -aQ. n) j v g 2 = a.Q_ nlj .
Finally, the normalization constant has the following expression:
In Eq. (5) it is necessary to assign L^" 1 " 1 =0 for j = n-1/2. The wave functions defined in this way depend on the screened charges of each orbital Qn//, and they are independent on the external screening constant A n ¡¡, which modifies only the energy levels e nl ¡. They are given by the expression:
where m e is the electron mass and c is the speed of light.
Semi-relativistic calculation of matrix elements
Dipole radial matrix elements are required to compute oscillator strengths needed to model radiative transitions between bound states. These matrix elements are given by [42] 
In the following paragraphs we will make explicit the dependence on the quantum numbers of the parameters of the radial wave functions defined in the previous section by means of the subindex k=nlj and k' = n'l'f. Also, we will explicitly show the dependence on the radial coordinate r instead of the variable x defined above. Radial wave functions are now written as
where we have also defined the following state depending constants:
If we write out the term r F in Eq. (11), we obtain
this yields r F = 4QQa;/< +1 a;/ +•/"/,".
and, finally, it can be written as
where it has been defined as the function
which will be further referred as RR-integral. Using this notation the term associated to the minor component r G can be expressed in a similar way
Finally, joining all these results we obtain for the matrix elements the expression </í|r|/í'>=4QC l -a»» + , a¡!'' +, (f lk f lk .+g ll g lk .)/ 2 (m,2v l + l,m',2v l -+ l)
which depends on integrals like the ones defined in Eq. (14). In the following section we develop a method to obtain an analytical expression for these integrals.
Analytical solution of the RR-Integrals
The RR-integral in Eq. (14) has the general form:
In order to obtain an analytical solution for this integral we first substitute one of the associated Laguerre polynomial by its power series expansion
and rearranging this yields
The integral in the above expression has the next analytical solution depending on a Gauss hypergeometric function [43] 
xt<e-zx L«(x) dx
Re p>-\, Rez>0.
By substituting x = 2a k r into Eq. (19) h
and taking into account that z=(a k +a' k )/2a k > we finally obtain the expression
An alternative solution of the RR-integrals that provides an analytical formula easy to implement into a computational code is shown in Appendix A.
Fully relativistic calculation of matrix elements
General case
The semi-relativistic approximation shown in Section 3 is appropriated while evaluating the relativistic changes only due to wave functions. To obtain a better evaluation of the impact of the relativistic operator on radial integrals and therefore on oscillator strengths a fully relativistic calculation is needed to take into account the effect of retardation. This effect takes into account the delay in the electromagnetic interaction between bound electron and the incident photon due to the finite value of the speed of light. We included it by computing the matrix elements in the Babushkin gauge that reduces to the length form in the non-relativistic limit. In this context the matrix elements adopts the form [42] 3 h r kk ~h + ^H + r 2 (23) k) being the wave number of the photon,
In these equations F k (r) and G k (r) are the large and small component of the radial wave function (5), respectively, and the function j L (k^r) is the spherical Bessel function of order! iy for) 2 ?
where !! denotes the double factorial. An analytical solution for the matrix elements r kk >, in terms of the RR-integral, is obtained by substituting Eqs. (24)- (26)) into Eq. (23)
The integrals in the above expression can be expressed as a sum of four terms containing RR-integrals, I y (n,a,m,p) , where the values of the order a of Eq. (14) are between 2p+2 and 2p for the first one, and 2p+3 and 2p +1 for the two latter 
where
Expression for small arguments of j n (k)r)
A closed expression for the matrix elements for k^r^O can be obtained by retaining only the first term, (p=0) in Eq. (26) i (k r\ ~ JMÍL_ Jifcr)~( 2L+l)!!' and introducing it into Eqs. (24) and (25) The two first integrals are <r>> and <r c >, respectively, and the effect of retardation is introduced by the two latter integrals, which expressed as a function of the RR-integrals read as 
This last expression for r kk reproduces the semi-relativistic expression (11) when the lowest-order term 1=1 in Eq. (31) is considered.
Results
With the purpose of validating the new expression for matrix elements and to check its results, we begin this section comparing the values obtained from the expression (16) with the ones obtained from numerical solution of the radial component of the wave function. In Table 1 we show the values of matrix elements for some ions of the Ne isoelectronic sequence computed for transitions of a single electron from the ground state k to several excited states k'. As seen the difference Ar kk ' between values obtained from the new analytical expression and those computed from the wave function integration is about the numerical machine error, indicating that the Table 3 we compare absolute values of radial matrix elements for some members of the Li isoelectronic sequence with Dirac-Hartree-Fock (DHF) values, Dirac-quantumdefect orbitals (DQDO) and Dirac-supersymmetry-based quantum-defect theory (DSQDT) values were taken from Ref. [44] . The values of matrix elements obtained for neutral lithium have a big relative error when comparing with the ones from the other models. This is due to the use of the NRSHM which does not provide good values of screened charges for neutral or slightly ionized elements and it cannot be attributed to the expression presented in this paper. In this model, configurations belonging to neutral atoms and two first ionization states were not included in the fit of the screening constants, since the NRSHM was conceived to compute the atomic properties of ICF plasmas. In this kind of plasmas the abundances of these species are negligible except during the first moments of target irradiation. Moreover, as the ionization state increases in a multielectron atom, the electron-electron term in the Hamiltonian decreases, so the behavior of the system is better modeled by a hydrogenic approximation. In fact, we found out that considering these configurations in the fitting of the screening constants led to worse results for the remaining states of ionization. Accordingly, Table 3 shows that the values of matrix elements improve considerably when increasing the value of Z for the Li-like sequence. To illustrate the goodness of the expressions obtained, oscillator strengths for several transitions of Li-like and Na-like ions are presented in Tables 4 and 5 . The NRSHM has been used in this work to compute transition energies between levels necessaries for computing these oscillator strengths [41 ] . Table 4 shows our results for transitions of a single electron from the level 2s 1/2 to 2p, , 2 , 2p 3/2 , 3p, , 2 and 3p 3/2 for some Li-like ions. They are compared with results obtained from WKB model, Klein-Gordon WKB model (WKB-KG), self-consistent Hartree-Slater model (CAHS), fully relativistic supersymmetry-inspired quantum-defect model (DSQDT), and with ab initio results, obtained from the compilation published in Ref. [13] . Column labeled NRSHM contains values computed in the semi-relativistic NRSHM approach explained in Section 3, whereas the column labeled NRSHM* shows Table 4 Oscillator strengths corresponding to transitions from 2s 1/2 to 2p 1/2 , 2p 3 / 2 , 3p 1/2 and 3p 3/2 respectively for some Li-like ions computed in the semirelativistic approach NRSHM, and the fully relativistic approach NRSHM*. 
Table 5
Experimental and theoretical oscillator strengths corresponding to transitions from 3s 1/2 to 3p 1/2 , first entry, and 3p 3/2 , second entry, for some Na-like ions computed with the fully relativistic approach. the same values computed using the fully relativistic calculation of matrix elements discussed in Section 5.1. In the calculations presented here the convergence was reached taking N=4 in Eq. (27) . There is a good agreement with the reference values for the results obtained with both approaches, being significantly better when they are calculated in the fully relativistic approach. Thus, the relative errors of the oscillator strengths for the transitions shown, computed in the semi-relativistic approximation, have an average error of 1.59% in relation to CASH values, and 1.45% compared with those obtained by the DSQDT method. These values are generally lower when using the fully relativistic approach, decreasing in both cases around 0.1%. In any case the error never exceeds the 6%, these results being similar to the difference between the models considered. Finally, Table 5 shows oscillator strengths for transitions from 3s 1/2 to 3p 1/2 and 3p 3/2 of Na-like ions calculated in the fully relativistic approximation and compared with experimental and theoretical results [45] . Again, the oscillator strengths obtained with the NRSHM are in good agreement with the experimental ones.
Conclusions
We have developed an analytical expression to determine the values of relativistic matrix elements in both semirelativistic and fully relativistic approaches making use of relativistic screened hydrogenic wave functions. To obtain this formula has been necessary to determine analytically the value of radial integrals expressions of the relativistic Laguerre polynomials that depend on the screened charge of each of the levels involved in a transition. The final formula is expressed in terms of a sole Gauss hypergeometric function and it has been tested which gives exact values when comparing with those obtained by means of the numerical integration of the radial matrix elements using relativistic screened hydrogenic wavefunctions.
In order to illustrate the usefulness of the new expression of relativistic matrix elements in the computation of the optical properties of the atoms, it has been used together with the NRSHM to obtain the oscillator strengths for Li-and Na-like ions. Comparisons with values obtained from more sophisticated models and experimental data indicate that it is valid for the description of medium and highly ionized atoms such as those typically found in plasma physics and astrophysics. We would like to remark that the expressions for matrix elements obtained in this paper have been derived in the frame of the validity of the relativistic screened hydrogenic model, so that they should be used with caution outside of this scope.
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Appendix A. Alternative method to solve the RR-Integral
A3. Analytical expression of the RR-Integral
In this section we will show an alternative method to obtain an analytical expression for the integral function defined in (14). We start from the general expression
r s e (a"+a",)r L P,,( 2a/(r )£ft;(2a /( ,r) dr, a k +a k > 0, s > 0 (A.1)
The method we are going to describe uses as starting point the generatrix function of Laguerre polynomials [43] , which, using the notation defined in this work, can be written as n_y)-Pt-i e (-2aty/(i-y))r. In this section we explain how to obtain the derivatives in Eq. (A.6) accurately. The method consists in taking the series expansions of each of the terms that form a function and making the composition throughout the sum, the product, the division or the power of the partíais series obtained. The aim is to find the derivative of order q k of the function/(y), which is equivalent to calculate the coefficient of the Taylor series expansion at the origin with the same order. Due to the fact that f[y) is an extremely complicated function, the direct calculation of the derivative is not an abordable task, so we will split the problem into simpler parts and we will construct the final series making use of the processes mentioned above.
The first step is to develop the hypergeometric function 2 F, in Eq. 
